We report on some technical aspects of our calculation of α 4 s corrections to R(s) and the semi-leptonic τ decay width [1, 2, 3] . We discuss the inner structure of the result as well as the issue of its correctness. We demonstrate recently appeared independent evidence positively testing one of two components of our full result.
Introduction
Three important physical observables, namely, the ratio R(s) = σ(e + e − →hadrons)
σ(e + e − →µ + µ − ) , the hadronic decay rate of the Z-boson and the semileptonic branching ratio of the τ -lepton are expressed through the vector and axial-vector current correlators (see, e. g. reviews [4, 5] ). Perturbative QCD provides reliable predictions for these correlators in the continuum, i.e. sufficiently above the respective quark threshold and the respective resonance region.
The O(α 3 s ) result for the massless vector correlator 3 has been known since many years [6, 7] . Recently the calculation of the next, order α 4 s contribution to the vector correlator has been performed [1, 2, 3] . The aim of the present work is to discuss some technical aspects of our calculations as well as to provide some new arguments in favour of their correctness.
Due to lack of space no phenomenological im-plications of [1, 2] are discussed and the interested reader is referred to Refs. [1, 8, 9, 10, 11, 12] .
Generalities
Consider the two-point correlator of vector quark currents and the corresponding vacuum polarization function (j v µ = Qγ µ Q; Q is a quark field with mass m, all other n f − 1 quarks are assumed to be massless)
The physical observable R(s) is related to Π(q 2 ) by
For future reference it is convenient to decompose R(s) into the massless contribution and the one quadratic in the quark mass as follows (a s = α s (µ 2 )/π):
The corresponding representation for the polarization function reads (
Note that both function on the rhs of (3) depend on only a s and L = ln µ 2 Q 2 and could be conveniently decomposed as follows (n = 0, 2)
The terms in (4) without L-dependence do not contribute to R(s).
For the calculation of r V,4 0 the divergent parts of five-loop and the finite parts of the four-loop diagrams are needed [13] . The organization of the calculation is best based on using of the evolution equation for Π (see, e. g. [14] )
where
s is the (subtractive) anomalous dimension of the correlator (1) and 
The evolution equation for Π 2 describing the m 2 -corrections looks similar to (5), namely [3, 15] ,
s is the quark mass anomalous dimension.
Results
We refer the reader to [1] for a discussion of various theoretical tools used to compute Π 0 to order a 
Five loop anomalous dimension
+ n 
O(α
The results for the analytical calculation of Π 2 0,0 . . . Π 2 3,0 have been reported in [3] while the four-loop quark anomalous dimension is known from [18, 19] and three-loop QCD β-function from [20, 21] . Numerically we find for the polarization operator Note that at eqs. (11) (12) (13) (15) (16) and (18) (19) (20) (22) (23) (24) as well as Table 2 Possible irrational structures which are allowed to appear in ℓ-loop anomalous dimensions and β-functions.
Final results for R(s)
Our final results for r V,i 0 and r V,i 2 are easily obtained from results listed in the previous two subsections. Explicit expressions can be found in [1, 3] .
It is of interest to discuss the structure of trancendentalities appearing in eqs. (11) (12) (13) (14) (15) (16) (17) . On general grounds one could expect that the variety of ζ-constants entering into MS-renormalized (euclidian) massless propagators 4 should depend on the loop order according to Table 1. Table 2 provides the same information about possible irrational numbers which could show up in anomalous dimensions. Table 2 comes directly from Table 1 by noting that any ℓ + 1-loop anomalous dimension can be obtained from properly chosen ℓ-loop massless propagators [23] .
An examination of eqs. (11-17) immediately reveals that the real pattern of trancendentalities is significantly more limited than what is allowed by Tables 1 and 2 . Indeed, the four-loop anomalous dimension γ is free from ζ 5 is still unclear (at least for us).
Let us move up one loop. The situation is getting even more intriguing: the five-loop anomalous dimension γ V V 4 does contain ζ 4 but still does not include ζ 2 3 , ζ 6 and ζ 7 . The four-loop polarization operator contains ζ 4 but is free from ζ 6 . Even more, after we combine γ V V and Π 0 to produce the Adler function, the resulting coefficient in front of ζ 4 happens to be zero in a non-trivial way! Indeed, the contribution proportional to ζ 4 from Π and is exactly opposite in sign to the corresponding piece in (14)! Unfortunately, we are not aware about existence of any ratio behind these remarkable observations.
How reliable are our results?
The history of multiloop calculations teaches us to be cautious. For instance, approximately twenty years ago a severely wrong result for the O(α 3 s ) coefficient in R(s) was published [25] and corrected only three years later [6, 7] . Now one of these authors (rightfully!) rises an important issue of the correctness of the results [1, 2] and emphasizes the necessity of performing their independent test [26, 27] .
We completely agree with this argumentation. Unfortunately, at the moment, we are not aware of any independent team which is going or, at least, able to check our results in full.
However, as described below, the results of a recent calculation [28] allow at least for a (partial) test of [1,2,3].
A test of the polarization operator
In Ref. [28] a large amount of information about the massive four-loop polarization function was collected (its threshold behavior [29, 30, 31] , as well as low-energy moments [32, 33, 34] and high-energy asymptotic [15, 35] ) in order to restore the whole function within the Padé approach [36, 37, 38] by properly extending the treatment elaborated more than a decade ago for the massive three-loop polarization function [39] .
Within this method it is customary to deal with a "physically" normalized polarization operator Π defined such that
where Π(M, Q, a s ) is defined by eq. (3) with the use of the pole quark mass M mass instead of MS renormalized quark mass m (see [40, 41, 42] ). Using the results for Π(M, Q = 0, a s ) as listed in [32, 33] we arrive at the following asymptotic behavior of the (four-loop part of)Π(M, Q, a s ) at Q → ∞. To be in agreement with the notations of [28] we have used in (26, 28) 
Padé −6.122 ± 0.054 −4.989 ± 0.053
Padé −3.885 ± 0.417 −3.180 ± 0.405 Table 3 Comparison of the Padé method predictions for H The authors of [28] did not have at their disposal theL-independent terms H and, thus, did not use them. Instead, they were able to reconstruct these terms for two particular values of n f = 4, 5 from their final Padé approximants. Table 3 compares their (approximate) results with our exact ones. We observe the full agreement (within accuracy of the Padé approach) between our (exact) results and approximate ones obtained in [28] .
Discussion
The full result for R(s) is composed from two parts: the four-loop polarization operator (including its constant, that is ln(Q 2 ) independent terms) and the five-loop anomalous dimension γ V V . At the level of separate Feynman diagrams the evaluation of both parts is reduced to the direct calculation of four-loop massless propagators [14] . On the other hand, the input data used in [28] came from three different sources: (i) the threshold behavior of the polarization operator; (ii) the ln(Q 2 ) dependent part of the high energy limit of the four-loop polarization operator which technically was obtained by a calculation of threeloop massless propagators only; (iii) the first two physical moments of the fourloop polarization operator which technically were obtained by a calculation of massive tadpoles only.
Thus, we consider the full agreement demonstrated by Table 3 as a non-trivial and completely independent confirmation of the correctness of the results of [1, 2, 3] .
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